
Math 565: Functional Analysis
Lecture 8

Locally compact Hansdorff facts. A Hauscheff top. space X is called locally compact if every
point admite a compact neighbourhood. The following are key facts we will use for a lett X.

let K be compact and USK be open.
U

(a) There is open VIX sit
. REVEVEU and F is compact.

↳
V

(6) Krysohn for CH : Efe( IX) with Off:) sit . FIRE1 and flys = 0 .
() Partition of unity : If quilian is an open over

of R Men = Sfibisu = ((X ,
20, 17)

with [filc = 1 and suppli=Ui for each icn.
.
This family Ifibian is called

in

a partition of unity (i . e . the constant 1 functions on te subordinate to quibian

We now try te capte the closure of C
.
(X) inside BCNX) with uniform worm

.

Let

Co(X) : = (ft B < (X) : - vanishes outside compact sets) ,
where we say that fe ((x) vanishes outside compact sets (or vanishes at al if
-330 the set 31Fk-23 is compact .

Remark on the name. For ll spaces , Co(X) is exactly the set of functions - ((X) which
-

admit an extension to a continuous functionf on the one-point compactification
*= X V90] such that F(d) = 0

,
hence the name vanishing at o

Prop . For
any top space X

,
C(x) = Co(X) ; and if X is lol

,
Ken C

. (x) = Co(x).
Proof. It fueG(X) and fat f

,
so EB((X) . Let 30

,
so there is new with

Ilfo-flln <I
,
in particular

, Iflack 2 Where Kesappta ,
so 3HSIEK

,

henu feCo(X).
Now if X is lett and FECo(x)

,
take 330

·
Then K := (F23) is compact , soZ

by Fact (b)
,
there is ge((X) with ApEg*1 ,

in particular , glu=l. Then

fgE((X) and (fig) In = fle so Ilf-figlln - IIHpcl + 11Fg)( pell < + E = 3
.

DEN



Corollary . ( .(*= CoIX*, i. e. they are isometrically icometry.
Proof . More general statement is in HW.

Def
. Let X be a top space .

Call anunsigned) Bowl measure M on X a Radon measure

if it is finite on compact sets , outer regular on all Bonel BEX
,
i. e.

u(B) = inf(M(u) : U = B open],
and tight on open

sets U2X
,
i
. e.

M (v)
=

sup \M(k) : k=U compacts.

Examples . Haur measures
,

on left
groups

are Radon measures. In particular
,
the Lebesque

IN
measure on IRP and Bernoullik) measure on (2) = 2 are Radon.

Theorem
.
If X is 2ndthl and either Polish (2ctbl

,
admitting a complete metrial or belt

then all finite Borel measures on X are Radon.

Proof
.

We provedtor Polish last semester and for lat is HW.

Facts. (a) Regularity , rightness (hence being Radon) are measure equivalence invariate for finite
Boral measures on X

,
i
.
e
.
If M ,0 are finite Borel measures an X and Moo, then

M is regular/tight/Radon iff o is
. IHW

() If X is left and M is a Radon measure on X Ren Cc(X) - (P(X,M) is dense
in the morm

,
for all 1pc* .

(HW)

Def . A Ifinitel complex Bored measwep on a dop space X is called Radon if 191 is

Radon.

Prop . P is Radon (i
. e . Iph is Radou)= P, is Radon for all Orich

,
where

P = /Po-Pl + ilPB) sit
. Potte

, Pitts are unsigned measures.

Proof
.

Let M
: = PotP ,

+ Pets .
It is enough to show that 191-M become then 191 Radon



=) M RadonL Fi , P, Radow .

For 1PlM ,
it is clear that 1PKM since

() 1)(B) =C,suffic Mow Repo and . .
= Pet P -

appl = ItldMIR=== do,

so pa Pott . Similarly , P Putts :
QED

let RM
,
(X) denote the space

of all (finite) complex Radon measures on a top space X.
Bowel sets ofX

Fact
.
RMc() = Mc(X

,
BYx)) in a closed subspace of the Bacach space Mc(X, B(x)),

hence a Banach space itself with the total variation norm Iplliv.
Proof

. Easy he preve directly using the absolutely convergent series criterion , but also follows
from the following Reoem.

Reist representation theorem. For an SH space
X
,

ColX
,
C)* =RM

> (x) , more precisels,
the map Pr

> Ip : RMc(X) -> Co(X,)
*
is an isometric isomorphism.

We will
prove this for the est of this section. achieved by Y: syn

↓
Proof of isometry. Fix peRMe(X) . Recall But llpliv := 1pk)=upedp ,

we

Y
ranges over Bonel functions. On the other hand

,

1) Fpll = sup1Ip(F)l = sup1/fdp) ,
where frange over Co(X)

,
so IIpI : IPliv . To show

| f| | f|
quality ,

fix a Bol 1911 with 1SedeElPliv .

But Ye('(X, 191) since 14121 and 191 is finite
,
heace -FeC(X) with 114-Ell, E

bease C
.
(X) is lease in LIX, 191) . Then / Side-Sydple(1F-4101pKE ,

here

Istpls (Sedpl = /Piv , so IIIpl = / plliv . QED

It "remains" to
prove

the surjectivity of PHIp . Fix It Co(X)* Note that for all felolx),



I(f) = [ (Ref + iImf) = I/Ref) + iF (Imf)
, 1i

2 I is determined by its values on Co(X
,
IR)

,
i
. e. ClX, () Er

Co(X
, IR) xCo(X, IR)

So let J : = [lco(X
, 1) and J = ReT + iIn5

,
where Ret and Im] are real-lines

bod functionals on ColX
,
(R)

.

This reduces to proving

Real Reisz representation theorem. For an lett space
X
,
CoIX , IRI

* ERMIR(X)
,
more precisely , the

map P1 Ip
: RMIX) < CoIX

,
IR
*

is an isometric isometry
.

Indeed
,
we would then apply this to ReJ and EmJ

, obtaining Pr
,
P: <RM(X) such that

ReJ = IP
r

and ImJ = Epc . Then p := Prtip , is as desired : note that it is Radon by the

Proposition above since ir and : are Radon
. Finally , J= Ipr + Ip = Ep , so I= Ip by the

uniqueness of linear extension of 5 to Co(X
,
C).


